ZEROS OF RANDOM MUNTZ POLYNOMIALS
DORON S. LUBINSKY AND IGOR E. PRITSKER

ABSTRACT. We study the expected number of positive zeros of Miintz polynomials with real
i.i.d. coefficients. For the standard Gaussian coefficients, we establish asymptotic results
for the expected number of positive zeros when the exponents of Miintz monomials that
span our random Miintz polynomials have polynomial and logarithmic growth. We also
present many bounds on the expected number of zeros of random Miintz polynomials with
various real i.i.d. coefficients, including the case of arbitrary nontrivial real i.i.d. coefficients.
Since Miintz polynomials include lacunary polynomials, sparse polynomials or fewnomials
as special cases, our results directly apply to the expected number of real zeros for those
classes of polynomials with gaps.

1. INTRODUCTION

Zeros of polynomials with random coefficients have been intensively studied for almost one
hundred years, beginning with the paper of Bloch and Pdlya [2]. Kac [15, 16] obtained an
integral formula for the number of real roots of a polynomial with independent and identically
distributed (abbreviated as i.i.d.) coefficients according to the standard Gaussian law. In
particular, Kac’s integral formula provided the asymptotic relation for the expected number
of real roots of a degree n random polynomial:

2
E[N,(R)] = - logn + o(logn) asn — oo,

which clearly indicates that a typical polynomial with standard Gaussian coefficients has
very few real roots. Generalizing this result to other types of random coefficients proved
to be a challenging problem, but steady progress showed that the above asymptotic for the
expected number of real roots holds under very mild assumptions on random coefficients.
We refer to [3], [8] and [14] for information on early results. The literature on this subject
increased exponentially in the past three decades, so that we mention a very incomplete list
of recent papers such as [6], [7], [21], [22], [30], etc. This circle of problems remains very
popular in the field of random polynomials, where an important role is still played by the
Kac-Rice integral formula and its generalizations. Our paper is devoted to essentially the
same topic, but in a more general context, as we consider polynomials with gaps that are also
called lacunary polynomials, sparse polynomials or fewnomials. Lacunary power series and
polynomials represent a very classical subject in analysis that has been studied for well over
a hundred years, and they are known to provide many remarkable phenomena in complex
and harmonic analysis in terms of convergence, analytic continuation and zero distribution.
More recent interest in the zeros of sparse polynomials (fewnomials) stems from problems
in algebraic geometry and beyond, see [17], for example. However, we consider even more
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general random functions called random Miintz polynomials that are spanned by monomials
with arbitrary real exponents. The classical Miintz polynomials were used in several branches
of analysis beginning with the papers [20] and [29], mostly in the questions of approximation
and density in the standard LP spaces, as described in [23] and [1]. Many more recent results
on Miintz polynomials are contained in [4]. For a sequence of distinct and non-negative real
numbers {\;},—,, we consider random Miintz polynomials
(1.1) P,(x) = chx’\k, n e N,

k=0
with \g = 0 and real i.i.d. coefficients {cx}32,, and study the expected number of their
real zeros E [N, ([a,b])] in an interval [a,b] C R. We investigate how the exponents { A},
influence the expected number of real zeros, and show that this number can differ significantly
from that in the case of regular random polynomials studied by Kac and many others.

It is standard in the literature on random polynomials, especially based on the Kac-Rice
integral formula, to count every real zero only once, disregarding multiplicities. We also
follow that convention. Throughout this paper, the ii.d. random variables {cx}32, are
assumed non-trivial, i.e., P(¢;, = 0) = ¢ < 1. Since \; € R, we study the expected number
of zeros of such polynomials on [0, 00), and especially on [0, 1], under various conditions on
the exponents {\;},—, and on the random coefficients {cj}3°,.

In the case when the {\;} -, are a sparse set of integers and the {¢;}32, are i.i.d. standard
Gaussian random variables, some useful estimates were established in [12], see also [5] for
earlier results in this direction. In particular, it was proved in [12] that for arbitrary integers

{\ };:01 , we have

E [N, ([0, 1])] < % n—1

n—1

and moreover that for n > 4 and suitable {A;};_, we have
- V3 1
E[N, (0,1])] = = 16;[\/71 —2+-

We significantly improve and generalize the above results by providing asymptotics for
E [N, ([0, 1])] when the coefficients {c;}32, are i.i.d. standard Gaussian, and the exponents
{Ar}re, of Miintz polynomials have polynomial and logarithmic growth. These results, ob-
tained via the Kac-Rice formula, are presented in Section 2. Section 3 contains many bounds
for the expected number of zeros of random Miintz polynomials. In particular, we prove the
upper bound of the form E [N, ([0,00))] < Cy/n for all random Mintz polynomials with
very general real i.i.d. random coefficients. It is worth pointing out that our results include
sparse (or lacunary) random polynomials as a special case. In Section 4, we give two results
for coefficients with nonzero mean that hold with probability one. All proofs for Section
2 are given in Section 5, while proofs for Sections 3 and 4 are given in Sections 6 and 7
correspondingly.

Acknowledgments. This paper originated from the research within the American Institute
of Mathematics SQuaRE program “Random Polynomials.” The authors would like to thank
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author was partially supported by the Vaughn Foundation endowed Professorship in Number
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2. ASYMPTOTIC RESULTS BASED ON THE KAC-RICE FORMULA

Throughout this section, we assume that our random Miintz polynomials (1.1) have i.i.d.
standard Gaussian coefficients. It is known that the Kac-Rice formula is valid for this kind
of random polynomial, see Proposition 1.1 in [19], so that we use the formula to find the
asymptotic results below. Define the kernel

n

KTL (l’,y) - Z (xy)Aj 7x7y 2 07

J=0
and for non-negative integers j, k,
, itk
(5,k) _

The Kac-Rice formula states that the density of real zeros is given by

KM (2,2) K, (2,2) — K& (,2)°
(2.1) I, (z) = 5 :
K, (z,x)
so that the expected number of zeros over an interval [a, b] C [0, 00) is
1 b
(2.2) E [N, ([a,b])] = —/ I,(z)dx.
™ a

We establish asymptotics for E [N, ([0,1])] when the exponents are of polynomial and
logarithmic growth. The Kac-Rice formula also allows us to find bounds for E [N, ([0,1])]
when the exponents are growing geometrically, as well as to present general estimates for
I, (z). In our first three results, we shall assume that

(2'3) )‘j = ¢<.7) ) .7 > 07

where ¢ : [0,00) — [0, 00) is continuous and strictly increasing in [0, 00), with ¢ (0) = 0, and
¢' is continuous and positive in (0, 00). We shall let ¢~ denote its inverse function and

(2.4) U(r)=¢ (671 (r), r>0.
First we deal with the exponents {)‘j};io that are of polynomial growth. We use the
notation I'(z) for the standard gamma function.

Theorem 2.1. Assume that

(2.5) lim ¥ (r) /r =0.
r—00
Let A € R and assume that for each fized y > 0,
- V(r) A
2. 1 =y,

Assume moreover, that there is a measurable function g(y) and ro such that for r > ro and
y >0,

(2.7)



while
(2.8) / e (1+y?) g(y)dy < oo.
0

Then as n — o0,

(2.9 E N, (0,1])] = 21+ 0(1) log ()

where

(210 dOZ1\/F(A+3)F(A+1)—F(A+2)2'
2 T(A+1)?

Remark

The conditions on ¥ are similar to those defining regularly varying functions.

Examples
(I) Let
o (t)=1t",8>0.
The above hypotheses are satisfied with
1
A=—-14+—,
g
so that
rlz+)r(3)-r(1+1)
1
(2.11) dy = - ARV ’
2 r(3)
B

The above result becomes

(2.12) E[N, (0,1)] = 2% (1 4 o(1)) log .

7r
In the ordinary polynomial case, where 8 = 1, we obtain dy = %, SO

E [N, ([0, 1])] = 5 (1 +0(1))logn

This agrees with the classical Kac result, where

2 (I1+o0(1))logn.

4E [N ([0,1)] = E [N, (R)] = —
(IT) Let 8 > 0,7 > 0, and
¢ (t) =17 (log (t +2))7, t > 0.

Here we still have A = —1+ 1/ and also have (2.11)-(2.12). See Section 5 for a full deduc-
tion from Theorem 2.1.

Next we consider logarithmic growth:



Theorem 2.2. Let
A =log(n+1), n>0.
Then )
E [N, ([0,1])] = ;(1 + 0(1)) loglog(n + 1).

Throughout the paper C,C4,C5, ... denote positive constants that are independent of
n,x,t. The same symbol may be used to indicate different constants in different occurrences.
For the geometric growth of exponents, we give two-sided bounds:

Theorem 2.3. Let b > 1 and
Ap=0b"—1,n2>0.
Then for some Cy,Cy > 0,
Cy <E[N, ([0,1])] /v/n < C.

The Kac-Rice formula also gives the following general bound that holds for rather arbitrary
real exponents {\;} ;.
Theorem 2.4. For any sequence of distinct and non-negative real numbers { g}, satis-
Jying

e Ak
(2.13) h]?lg)lf o &

=a >0,

there is C' > 0 such that

E[N,([0,1])] < C+y/logn logZ)\k, n> 2.
k=1

This implies, in particular, that for integer exponents of at most polynomial growth, the
expected number of real zeros is of the order logn.

Corollary 2.5. If {\;},—, C N and A\, = O(kP), where p > 1, then E[N,(R)] = O(logn).
Finally, we present some general estimates for the density of real zeros:

Theorem 2.6. (a) Let 0 < p < 1. There exists Cy > 0 such that for all distinct positive
Mty s alln > 2, and all z € (0, p),

(2.14) I, (z) < ﬁlogn.
T

(b) Let R > 1. There exists Cy > 0 such that for all distinct positive {\}oe,, all n > 2,
and all x € [R, 0),

(2.15) I, (z) < %logn.
(c) For all distinct positive {\g},—, and all x € (0, 00),

L, (‘75) <

In particular, if the sequence {\,}. ., is bounded, so is {I, (z)}

mMax;<k<n Ak
- .

n=1"
Remark. The upper bound logn for I, () is best possible. For A\; = log(j+1), j > 0,
and ¥ = e~'/2 it is shown in Section 5.3 that I,, () ~ logn.
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3. GENERAL BOUNDS FOR THE EXPECTED NUMBER OF ZEROS

While the Kac-Rice formula (2.2) proved to be a very important tool for the study of
real zeros of random polynomials, it is only suitable for the case of Gaussian coefficients.
Moreover, even its generalizations are much more difficult to apply if the coefficients are not
Gaussian. In this section, we use a completely different approach, based on the counting of
sign changes in sums of coefficients, and provide upper bounds for the expected number of
zeros of Miintz polynomials with arbitrary exponents and very general random coefficients.

Our main deterministic tool for bounding the number of real roots from above is the
following rule of signs due to Laguerre [18, p. 9], see also Remark 10.4.5 in [25, p. 333].
Below, we use V(t1,...,t;) to denote the number of sign changes in the sequence of real
numbers {t;}%_,.

Theorem 3.1 (Laguerre). For any polynomial f(x) = >_,_,arz® with real coefficients,
define its partial sums by fr(x) = Zf:o a;x’, k=0,....n. Ifb > 0 and f(b) # 0, then the
number of real zeros of f contained in the interval (0,b] does not exceed V (fo(b),. .., fu(b)).

Applying Laguerre’s rule of signs with b = 1 to polynomials of the form (1.1), we imme-
diately obtain an important corollary.

Corollary 3.2. Let P, be a deterministic polynomial with real coefficients of the form
(1.1), i.e., we assume that {\;};_, C N is an increasing sequence. Define the sums sy :=
Zf:o ¢, k=0,....,n. If s, # 0 then the number of zeros of P, in (0,1] does not exceed
V(S0y---Sn)-

In fact, the above results count zeros even with multiplicities, so that the same upper
bounds obviously hold if we count without multiplicities. Corollary 3.2 is very useful for our
purpose because sums of random variables represent a central topic in probability theory.
We now recall a result due to Erdés and Hunt, see Theorem 1 in [9].

Theorem 3.3 (Erdés and Hunt). If {cx}32, are independent real random variables with the
same symmetric and continuous distribution, then

n

(3.1) E[V(so,. .., n)] < Z%({ljz])g—k?

k=1
k
where s ==Y . ¢, k=0,...,n.

This result immediately implies upper bounds for the expected number of real zeros. We
first state them for regular polynomials with natural exponents on the real line, and then
deduce the corresponding results for Miintz polynomials with arbitrary real exponents on
the positive semi-axis by using an approximation argument.

Theorem 3.4. If {c;}32, are independent real random variables with the same symmetric
and continuous distribution, and {\;},—, C N, then

(3.2) E[N,([0,1])] < % <[k’;2])zk <vm, neN,
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and

(3.3) E[N.(R)] <4> % ([ka])z—k <4vn, neN.

The version for general Miintz polynomials takes the following shape.

Theorem 3.5. Suppose that {c,}32, are i.i.d. real random variables with a common sym-
metric and absolutely continuous distribution, and {\y},—, are arbitrary distinct positive real
numbers. Then (3.2) holds and

n

(34) E[Na([0,00))) <2

k=1

k/2] + 1
k41

<[kl;2])2—k <2v/n, neN

A result of Siegmund-Schultze and von Weizsicker on one-dimensional random walks [28]
allows us to prove upper bounds on the expected number of positive zeros for polynomials
with random coefficients that are not required to have symmetric distribution.

Theorem 3.6. If {c;};2, are arbitrary i.i.d. real random variables and {\} -, C N, then

(3:5) E[N.([0,00))] = O(Vn).
If {cx}32 are i.i.d. real random variables with an absolutely continuous distribution, and
{Ai}tie, are arbitrary distinct positive real numbers, then (3.5) holds true.

Note that all bounds of the form O(y/n) given in the results of this section are sharp even
for Gaussian coefficients, see Theorem 2.3.

4. RESULTS THAT HOLD WITH PROBABILITY ONE

Corollary 3.2 also allows to show that the expected number of real roots is bounded with
probability one for biased random coefficients.

Theorem 4.1. If {¢;}32, are real i.i.d. random variables with E[cy] # 0, and {\;};—, are
arbitrary distinct positive real numbers, then
(4.1) limsup E[N,([0,1])] < o0

n—oo

holds with probability one.

The proof of Theorem 4.1 relies on the standard Law of Large Numbers, which gives that
the sums of coefficients do not change sign for all large n € N. If we use other versions for
the Law of Large Numbers, we can even relax conditions on the coefficients. For example,
Theorem 12 in [24, p. 272| gives the following statement, with the same proof as for our
Theorem 4.1.

Theorem 4.2. Let {\,},-, be arbitrary distinct positive real numbers. Suppose that {cx}7>,
are real independent random variables, and there is ¢ > 0 such that either Elcy] > ¢ for
all large k, or Elcy] < —e for all large k. Let {ar}72, be any sequence of positive numbers
strictly increasing to infinity, and such that a, = O(n). If for a fixed p € (1,2] we have that

(42) i E“Ck _a;])E[Cka] < o0,

then (4.1) holds with probability one.



5. PROOFS FOR SECTION 2

5.1. Preliminary Estimates. First we estimate the contribution from zeros in a neighbor-
hood of 0:

Lemma 5.1. If \¢ =0 and \; > 0,j > 1, then for 0 <c <1,

/ I, (z)dx < K, (%, c17?).
0

Proof. From (2.1), and as K,, (z,x) > 1,

) < VKD (2,2) =

LT I
=1 =1
by the inequality v/a + b < v/a + v/b for a,b > 0. Then

/ I, (z)dx < ZCAJ' < K, (01/2701/2) .
0 =

O
Next, we establish a compact expression for the numerator in I, (z). In the sequel, we let
(5.1) Ay () =) a2 (= M)
4,k=0

Lemma 5.2.
A, (:E)

(5.2) K@D (x,2) K, (z,x) — K,(Ll’o) (z, x)2 =57
x

n

Proof. The left-hand side equals

2
1 (o 2); - 2); 1 - 2);
ﬁ(ZAJm ) (Zw — = Z/\jx :
j=0 Jj=0 J=0

= % {Z > (A= AN x%‘x%}

j=0 k=0
1 2Xj 20 [)2 2 A, (2)
T2 {Zx 1w AT =20 + AY] o = Cog2
k>j
O
Next, we estimate the sum A, (x) by an integral. Let

(5.3) // 2060 +00) (¢ (5) — b (1)) ds dt.



For fixed z € (0, 1), let

(5.4 G (s,) = log [s%#9H0) (5(5) = 6 (1)7] , .t > .
and
(5.5) h(t) = ¢ ((b (t) + |log :c|_1) .

Here, ¢l=! is the inverse function of ¢.

Lemma 5.3. Fiz0 <z <1 andt > 0.

(a) As a function of s, G (s,t) decreases in (0,t), increases in (t,h(t)) and decreases in
(h(t),00).

(b)

max GG(s,t) _ eG(O,t) _ 1'2¢(t)¢ (t)Q,
s€[0,t]

n%ax} G — GO — 490 (¢ [log 2]) 2.
s€|t,00

(c) z**® ¢ (t)2 increases as a function of t for ¢ (t) < @ and decreases thereafter. Moreover

20(1) b (4)2 — 2
max z"0¢ (£)” = (e [logz]) ™"

Proof. (a) This follows from

oG

e 2¢' (s) [logx + ;]

¢ (s)—o(t)

for s # t as well as the fact that ¢ > 0 in (0, 00).
(b) This follows from (a).
(c) We see that

d 2000 5 (12} — 94’ 1
ﬁng ¢@H—Q¢@l%x+¢@
so that the maximum occurs when ¢ (t) = @. O

Lemma 5.4. Let
B 3 n n
E, (z) = 4(e|logz|) > {5 +/ x4¢(8)d3] +2/ 22 ¢ (s)% ds.
0 0

Then

(5.6) A (2) = Jn (2)] < B (2).



Proof. Fix t > 0. Choose an integer 7 such that h (t) € (r,r+1]. If h(t) > n, redefine r = n.
Then using the previous lemma,

]Zn;eco,t) _ (i i*Z) i)

J=r Jj=r+2
< 000+ + [ s+ 200 (e logr)
st)ds

< eGSt ds + 22D (1) 4 224 (e |log z])

N\

Then applying this with ¢ = k,

MOEDI) I
k=0 7=0
< Z(/ CRds + 220 (k) + 20" (e |log a) ™ )
k=0 /0
_ / (Z eG(s,k)> d5+zx2¢(k)¢(k (e |logx|)™ Zx4¢>
0 k=0 k=0

+ Z 2*®) ¢ (k)* + 2 (e|log z])~ Z 29k

= Ju(x)+2(e|log x|)72 {/ 22 ds + Z :L‘4¢(k)}

0 k=0

+ / G (s)°ds + Y 12

Jn () +4(e|logz|)” {1—1—/ x4¢(s)d5] +2(e[10g:1:])72
0

+ 2 / 22O (1) dt
0
by the previous lemma. In a very similar way, we can establish the lower bound

A, (z) > T, (x) — E, (2) .

IA

We need an alternative form for .J,, (z) and the error term E,, (z) :
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Lemma 5.5. Let 0 <z < 1, and define

1 y
2.7 H =U v .
>0 00 = (1) 1 (o)
We have the following:
(a)
1\ 2
5.8 Jn (z) = [logz| ™ @
(5.5 () = oga ™0 (o0
¢(n)llogz|  ré(n)llogz| )
X / / e72W+2) (y — 2’ H (y, ) H (2,2) dy d=.
0 0
(b)
-1 ro(n)[logz|
(5.9) E,(z) < |logz|™* |[logz| + ¥ ( ) / le™™ +2e"%y?| H (y,z) dy| .
|log «| 0
(c)
1 L\l el
(5.10) 0< K, (z,x)—|logz| ¥ <—> / e H (y,x)dy < 1.
|log z| 0

Proof. (a) Make the substitution

y = 6(s) loga| and = = ¢ (¢)[log
in the integral (5.3) defining J,, (). We obtain
(5.11)

Jo () = / ' / " 2EO0) (4 (5) — ¢ (1)) ds dt

#(n)llogz|  ro(n)|logz| d d
_ |10g$|_4/ / 672(y+z) (y . 2)2 Yy 2
0 0

w@ém>@0éﬂ>

A 1 =2 ré(n)llogz|  ré(n)|logz| )
= |logx|" W ( ) / / e 720+ (y — 2’ H (y,2) H (2, ) dy d=.
0 0

|log |

(b) Next, the substitution y = ¢ (s) |log z| gives

E, (z) = 4(e|logz|) > E —i—/o $4¢(S)ds] +2/0 229 (5) ds

s L polliogal d
= 4 (e|logz|) ™ §+|log:c| 1/0 64yryy>

|log x|

o(n)llog J
+2|10gx|3/ e_nyQ—y
: ¥ ()

llog @

B 1 -1 ro(n)[logz|
0

11



(c) Here as above,
K, (z,x) <1 —i—/ 2% ds
0

1 1\l [omlogal
=1+ |logz| " ¥ (—) / e H (y,x)dy.
0

|log |

Similarly,

K, (z,z) 2/ 22 ds
0

1 1 \-! pomliogal
= |logx|” ¥ / e H (y, x) dy.
|10g:E| 0

Then (5.10) follows. O

5.2. Proof of Theorem 2.1. Most of the zeros cluster around 1. Accordingly, we begin
with

Lemma 5.6. Let A € R. Assume the hypotheses (2.5)-(2.8) of Theorem 2.1. For any
sequence {x,} in (0,1) with limit 1, and

(5.12) lim ¢ (n) |logz,| = oo,
n—oo

we have

(5.13) lim [log Tl I, () = d2.

Proof. Recall the definition (5.7) of H (y,z). First note that by Lebesgue’s Dominated
Convergence Theorem and our hypotheses (2.6)-(2.8),

$(m)llog 2] o
lim e H (y,x,) / “WyRdy = 27270 (14 A).

n—o0 0

Thus from (5.10) (we are implicitly using (2.5)),

(5.14) lim [log 2, (#> Ko (1, 20) = 275717 (14 A).

Also,

/ / M) (y — 2)? g (y) g (2) dy dz



by our hypothesis (2.8). Again, Lebesgue’s Dominated Convergence Theorem gives

(n)llogzn|  ro(n)|logzal )
(5.15) lim / e WD) (y — 2 H (y, ) H (2, 2,) dy dz

n—o0

/ / y+z) )2 2P dy dz
00 [e%) 2
=2 </ e % A+2dy) (/ e_ZyyAdy> -2 (/ e_nyAde)
0 0 0

=272 T (A+3)T(A+1) - T (A+2)%} = ¢,
say. Then from Lemmas 5.4 and 5.5(a),

4 1)
llog z,,|” W A, (zy)

|10g xn|

1
llog x|

1
= 1 U — 1
Co+0<| 0g T | (llogxn]>)+0( )

= c+o(l),
by (2.5). Combining this and (5.14) gives

~ foganf v

llog 2, [* ¥ (lw >2An (22)

lim [logz,[* I, (2,)” = lim -
|log x,|> U <“ng |> 202 K, (T, Tp)
_ o —
o ~A—1 2 7w
2(2 I'(l1+A))
recall (2.10). O

Proof of Theorem 2.1. For a suitable sequence {¢,} C (0,1) with limit 0, and a suitable
sequence {(,} with limit oo, we split

1 l—en 1—Cn/¢(n) 1
E [N, ([0,1]))] = = + + I, () dz.
™ 0 l1—en 1—Cn/o(n)

We shall assume that (,, — 0o so slowly that
(5.16) G =o0(log¢(n)).
Now we choose the sequence {€,}. By Lemma 5.1, if c € (0,1),

/ I, (z)dr < K, (01/2,01/2) :
0

Here by Lemma 5.5(c), and our hypotheses (2.7)-(2.8), if ¢ is close enough to 1, we have for
alln > 1,

-1 00
1/2 1/2 172|171 1 2
K, (¢'?,¢'?) < [log | W(w) /0 e g (y)dy+ 1.
13



It follows that for each ¢ € (0, 1), there is a constant C (¢) such that

sup /OCI,L (x)dx < Cy(c).

n

Hence if €,, — 0 sufficiently slowly,

(5.17) [:%nhﬂﬂdx:wﬂbg¢00)

Next, from Lemma 5.6, and noting that (5.12) holds uniformly in this range of x, and then

using the substitution t = |logz| < = = e,

1=Cn/9(n) 1=Cn/9(n) 1
(5.18) / I, () dx:/ dollogz|” (1+0(1))dx
1 1

.
[log(1—en)|
:dﬂ1+ou»/' letd
[log(1—Cn/¢(n))]
en(140(1))

=dy(1+0(1)) / tdt

(Gu/$(m) (10(1))
= do (1 +0(1))log (end (n) /Cn)
=do (L +o(1))log¢ (n),

if e, — 0 sufficiently slowly and by (5.16). Finally there is the elementary estimate

¢ (n)

as follows from (5.1) and (5.2), so for large enough n,

[ I (z)dz < C¢, = o (logé (n)) |

—Cn/o(n)
recall (5.16). Combining this and (5.17)-(5.18), gives (2.9). O
Example 1
Let 8 > 0, and
¢ (t) =1
Here

(1) =o' (17 (1)) = pr'~1/7.
Also, H defined by (5.7) satisfies
H(y,x) =y"""

All the requirements are met and then we can take g (y) = y*/#~1. Also A = —1 + % The
necessary integrals converge.

Example 2
Let >0,y >0 and

¢ (t) =17 (log (t +2))7,t > 0.



We show that we can still choose A = —1+ % and find a function g satisfying the conditions
of Theorem 2.1. Firstly,
¢'t) B g B

o)t * (24t)log(2+1t) t

(5.19) 1+ f @),

where

_ 7 ¢
f(t>_ﬁ(2+t)log(2+t)’t20

Note that f is continuous, nonnegative, bounded in [0, c0) and

tli)m f(t)=0.

Next, from (5.19),
U (S) . /B [—1] s

This already gives our requirement (2.5). Next,

W) 1 o (ry) 14 f (qb[*l] (7’))

(5:20) Tlry) g S0 T+ F (G T (rg))
Here
S8 = gl (s) (log (67 (s) +2)) "
(5.21) = %logs = log ¢l (5) + % loglog (¢! (s) +2) .
This gives
=

Next, from (5.20) and (5.21),

T (oY ()

14 f (o=t (ry))’

(5.22)

U(r) _ vy |log (670 () +2)
-7 log (9111 (ry) +2)

so for fixed y > 0,

/B
li v(r) _ y % lim [logr] =y T
r—00

7o U (ry) logry
Thus we can choose A = —1 + 1/3. Next, we show there is a dominating function g. We
consider three ranges of y :
DHy=>1

Here (5.22), the boundedness and nonnegativity of f, as well as the monotonicity of ¢~
give




(II) y < 1 and ry < 2.
Here r < 2/y, so

B
V) s [l /) +9)]”
U(ry) — Y log 2
1 2 /B
(5.23) < Cy ' <log—) :
Y

(III) y < 1 and ry > 2.
987 is a decreasing function of 7 if r > 2/y, so

log(ry)
log (¢71(r) +2) _ , logr _ log(2/y)
log (¢l=1 (ry) +2) = “log(ry) = log2 ’

and then we again get (5.23). In summary, we have for y > 0,

Here since

1, >1
v (r) <g(y) =cy VP /B ’ :
U (ry) — <10g§> , 0<y<1

So we have satisfied all the requirements of Theorem 2.1.

5.3. Proof of Theorem 2.2. The approach is similar to that of the previous section, but
some parts require more care. Throughout this section, we let ¢ (j) = log (7 +1),7 > 0, and

(5.24) X =X (z)=2logx+ 1,z € (0,1).

We separately consider z smaller or larger than e~'/2.

Lemma 5.7. Let (z,) C (0,e7"/2) with

(5.25) HIE&X (xn) =0 but JLIEO |X (z,,)|logn = oo.

Then

(5.26) L (z,) = 2| X (2,)] ' (1 +0(1)).

Proof. First, observe that for x € (0,1),

621 dlan= S cas Mo 1ne A0
Similarly

(5.28) Ky (2,2) > /1”+2 Plogr gy _ { 10(;;—;(:;3 | x40,

If {x,} satisfies (5.25), we see that as n — oo, nX(@) = eX@n)logn _ () and then (5.27),
(5.28) give
14+o0(1)

(5.29) K, (zp,x,) = )
. X ()]



Next, recall that (5.6) holds, with J, given by (5.3). Here the substitution u = ¢ (s) =
log(s+1),v=¢(t) =log(t+1) gives

(5.30) / / PHOEO0) (6 () = b (1)) ds dit
log(n+1) log(n+1)
/ / 2ut0) (y — v)2 et du dv

| X |log(n+1) p|X|log(n+1)
— x| / ) (2 dy d
0 0

where we have made the further substitution y = | X|u, z = | X|v, and we are now assuming
r < e Y2 so that X < 0. If we now assume (5.25), we obtain

To(zn) = |X (z)|™ (/ / ~(+2) —z)zdydz+o(1))
— 20X (aa) ( / ey / vy - ( / ) e-yydyf " o<1>)

= 2|X ()] (1 +0(1)).

The error term from Lemma 5.4 is

3 3 n+1 n+1
(5.31) E, (x,) = 4 (e [log z,,|) {5 —i—/ {2 X (@n) 2dt} + 2/ tX@)=1 (log t)* dt.
1 1

Since x, — e /2 and X (z,,) — 0, the first term in the last right-hand side is bounded.
Next, the substitution y = | X (z,)| logt gives

n+1 ) 5 | X (zn)|log(n+1)
/ tX(xn)*l (log t) dt = ‘X (wn)’_ / e*nydy.
1 0

So B, (z,) = O (| X (a:n)|73). Then from (5.2), Lemma 5.4, and (5.29),
Ay () = 2|X (2)| " (L +0(1))
Ay (2,)
202K, (T, )

= I (2n) = =e|X,| 7 (L+o(1)).

Next, we consider z > e~1/2 :

Lemma 5.8. Let {z,} C (e7/?,1) with

(5.32) nh—{EoX () logn = oo,

and

(5.33) nh_}r{)lo log z,,| " n~ @) = 0.
Then

(5.34) Iy () = (2,X (2,)) " (1 +0(1)).

17



Proof. Note first that by (5.32),

lim n¥@n) = 0.
n—oo

Then (5.27), (5.28) give

5.35 K e

recall X (x,) > 0. Next, as at (5.30), but since X (z,) > 0,

A X(zn)log(n+1) p,X(zn)log(n+1) )
Jo (1) = X ()" / / eVt (y — 2)" dy dz.
0 0

We can evaluate this by separating the integrals and integrating by parts. Let Z, =
X(xy,)log (n+1):

(5.36)  Jn () = 2|X ()| { ( /Ozn enydy> < /OZ" eydy> _ ( /OZn eyydy)Q}

(%22 =2 (e#rZ, — (e —1))) (e*» — 1) }
= (

¢ 7y — (%0 — 1))

{
{ e 72 (20 — 1) — 271 7, ( Zn 1) +2(eZ;)2— 1)’ }
S

= 2| X ()|

=2|X (z, _4
| ’ 2Zn22 + 2€Z"Z ( _ 1) _ (GZ" _

62"22 — 1)2}

= 2| X (2,)| ) ( 1+0(1))

=2|X (z,)]*

We have to estimate the error term F, (z,,) differently in different ranges. Recall that

B 3 n+1 n+1
(5.37) E, (x,) = 4 (e [log z,,|) {5 —i—/ {2 X (@n) th} + 2/ tX@)=1 (log t)* dt.
1 1

Here except when |logz,| is small, the dominant term is (making the substitution y =
X (2,)logt)

n+1 X (zn)log(n+1)
(5.38) / tXn(@) =1 (Jog t)? dt = X (xn)g/ evy*dy
1 0

= O (X ()" [(logn) X ()] el ¥ (o))
= 0 (X () n¥e).

(A) (@) C (12,7155,
Here |log z,,| ~ 1, so from Lemma 5.4 and (5.36)-(5.38),

(5.39) A, () = 2X () n2X@) (14 0(1)).

(B) 2, > e /% and (5.33) holds.
Here 2X (z,) —2 > —1, and X (z,) ~ 1, so from (5.32), (5.33) and (5.37)-(5.38),

B, (z,) = O (flog z,| > [1 4+ n2X@)71Y) o (n2X@0)) = o (n2X() |

so again (5.39) holds. Finally, (5.35), (5.36), and (5.6), give the result. |
18



Remark
Although we shall not use it in the proof of Theorem 2.2, we note that a simpler calculation
shows that

In (6_1/2) = é (log (n +1))*;
K, (6_1/2, 6_1/2) = (1+o0(1))logn;
E, (e = 0(1),

L, (e71?) = \/%(1 + o(1)) log n.

Proof of Theorem 2.2. We split
mE [N, ([0,1])]
o—1/2 e—1/2(1__¢n - e~1/2(14 - i? -
fo o + f61/2p(n st )) + fe1/2((1_ 1 gc(n+ >))
+ fexp(*lo%n) + fl sy I, (z) dz
(1 gte) T e(-22)
= W4 1@ 4 16 L 1@ 4 1)
Here p,, — 1 sufficiently slowly, while (,, — oo and
(5.40) (n = o(loglogn).

The main contribution comes from I® and I®.
First integral /(!
We observe first that if ¢ € (0, 6_1/2) ,

/IZ(:L‘) < /K,(Il’l) (z,z)dz
0 0

J 2>\j—1
o), —1°
=1

o0

cTog(are) 2= Ues G+ 1) i+ 1™ < oo

J=1

and hence

J

1/2

As this bound is independent of n, we can choose ¢ = p,e” "/, with p, — 1 sufficiently

slowly so that

1/2

pne
(5.41) / 1% (z) dz = o (loglogn)”.
0
We may also assume that
(5.42) llog |log pn|| = o (loglogn).
Then Cauchy-Schwarz shows that

pn671/2
1M = / I, (x) dz = o(loglogn) .
0
19



Second integral /)
From Lemma 5.7, and then making the substitution z = exp (—
-X (ZL’) )

N[
IS

e 12 (1 gy )
1(2):/ i I, (z)dx

-1/2p,

2 (1-gtty)

= (1+0(1))61/2/

e=1/2p,
1 [2llogpnl 1

= (14+0(1)) 5/ Ze 2y

o (1o(1) ¥

logn

1 2[log pn| 1
_ ﬂ+0ﬂ»§/ L

o (1o(1)) U

logn

1 1
_ ﬂ+0ﬂ»§{bgaﬁi%3}

1
= 5(1 +0(1))loglogn,

by (5.40) and (5.42).
Third integral /)

Since A\; <log(n+1) for j <n,so I, (z) < log(2++1) and hence

e 1/2(14 Cn
= / (lmHMLA@dx

12 (1~ gty )

< C¢ =o(loglogn),

by (5.40).
Fourth Integral /¥

) u=—2logzr+1) =

X @™

By Lemma 5.8, and then making the substitution x = exp (—% + %) su=X(x),

exp(— %"
W = / I, (z) dx

12 (1 ey )

col-52)

— (1+0(1))/61/2(1+b‘;m>x)((1:)dx

14o(1) u
= (1—1—0(1))}/ d—

2 J g (o)) U

1 log (n + 1)

= (1+0(1)=log | —=——~
(1o (1)) g log (0

1
= (1+0(1)) 3 loglogn,

by (5.40).
Fifth Integral I®
20



Here
logn

1® < C (logn) (1 — exp <— )) = o (loglogn).

Finally adding the estimates for 1)1 < j < 5, gives

E [N, ([0, 1])] = %(1 + o(1)) log log n.

5.4. Proof of Theorem 2.3. In this section, we let b > 1 and
o(s)=b"—1,5>0.

Unfortunately the error term F, (z) in Lemma 5.4 is of the same order as the main term
J,, (z) and so we have to proceed differently. We first estimate some tails:

Lemma 5.9. (a) Let {(,} be a sequence with limit co but with

(5.43) G =o0(vn).

Then

(5.44) /1 I () dz = o (V).

(b) Let {e,} C (0,00) decrease to 0 but with ne,, — co. Then

exp (=58 )
(5.45) /0 I, (z)dz = o (Vn).

Proof. (a) This follows from the trivial bound I, () < A\, = b" — 1, so that

/1 I, () dx < (,.
1

,Cn/bn
(b) Let /2 < ¢ < 1. Now

/ I? (z)dw < / KUY (2, 2)de < ¢ ijcw,
0 0 c =
7j=1

where C' is independent of n,c. Let tqg = —% > 0. The function f(t) = btc® is
increasing in (0, ) and decreasing in (to, 00), and moreover,
1
max [ (t) = f (tg) = ——,
>0 f (&) = f (to) 2e |log ¢|

so we may continue this as

C o . 1
/ I? (r)dx < C{/ b dt + }
0 0 € |logc|
1 & 1 C
e C |:—/ eiudU/‘i‘ :| S )
2 (log ) [log c| Jajiog e|logc|| ~ [logc|
21



1

— ), we obtain via Cauchy-Schwarz,

where C' is independent of n, c. Choosing ¢ = exp <

Next, we obtain asymptotics for K, and J,:
Lemma 5.10. Let {x,} C (0,1) be a sequence with

(5.46) lim z, =1 and lim b"|logx,| = oco.
n—oo n—o0

(a)

B 1og|logxn|_1
(b)
log [log | "
In (z (14+o0(1)).

") =3 (log b)’ (log )’

Proof. (a) Monotonicity and the substitution u = 2b" |log x| give

1 [ 1 * d
K, (z,z) < 1—1——2/ =1+ 5 / eu Y
x? J 221080 Joji0g 4 U

An integration by parts shows that

/ eyt du = 22 log [2log x| + / e “logu du+o(l).
| 0

2log xn |
Then
K, ( ) < log [log x| " o)
n\TnyTn) > ——F 7 :
log b
Similarly,
T
Ky (r,2) > — 7 dt
= Jo
1 2log |2log z| e e +/2bn+1logx| ~logu d
= z~lo 0gr|  — o ¢ logu au
x? log b & 8 an+1| log 'T‘ 2|log z| g ’
so that
K, ( ) > log\logycn]_1 o)
n\TnyTn) 2 ——F 73 :
log b

22



(b) The substitutions u = b*, v = b, followed by y = 2 |log x| u, z = 2|log x| v, give

= / / 22O 2) (50— )2 ds dt
= /b" /b" 2(u+tv) . )2 du dU
log b

_ b™|2log x| b"|210gw\ _wt2) (y )2 @%
* (log b)? (210g:17 2logz|  J[2loga] y 2
b"2logz| _ b"[2logxz| _, _
2 (Joierlevy dy) (f 2o e=2t a2)
— 2
24 (log b)* (2log ) (fglfgl;lgm\ —y dy)

As x = x,, satisfies the hypotheses (5.46),
2
z (log b)* (2log x,)*
8 { (Js e vy dy + o (1)) <jr2xl>ogwn| ez tdz+o (1)) }

~ (1 +o0(1))

: /Oo e }
— ez dz—1+40(1) .
xh (logb)Q(Qlogxn)Z{ |21og zn | o

Here an integration by parts shows that

/ ez Vdz = 22log|2logx,|”" +/ e “logzdz+o(1)
| 0

2log xn |

(5.47) I (z) =

= 22logllogz,| ' +0(1).
Substituting in (5.47) gives the result.
Lemma 5.11. Assume (5.46). Then

(5.48) Ay (20) ~

Proof. From Lemma 5.4,

Ay (2n) < Jp () +4 (e [log z,,]) E + (1 + 0(1))/ xf;bsds] +2x;2(1—|—0(1))/ 22 b* ds.
0

0
The substitution ¢t = 4b° |log x| gives

n . 1 4™ |log xn | dt
/ e ds = — e f—
0 log b t

4|log zn |

1 4 dt max{4b" |log zn|,4}
/ —+ / e dt
log b 4|log zn| t 4

< Clogllogz,| ™ +C
23




Similarly, t = 2b° |log x,,| gives

n . 1 2b™ |log xn |
/ 22" V5 ds = 5 / e "2 dt.
0 log b (2 [log z|)” Jajlog 2|

Combined with Lemma 5.10, this gives

|log |log 2|
(log xn>2

For the opposite inequality, we have to go back into the proof of Lemma 5.4. Assume that
G is given by (5.4), and h (t) is given by (5.5). Let

Jj+1 ) J+1 — . 2
I (t) = / PN dt = / 22OH) =2 (17— )2 g
J J

(5.49) A, (x,) <C

We see that

Jj+1 " ' 9
L () = 62/ L2 (0 +0t) -2 (b] _ bt) dt
j

J+1 e ‘ 5
< 62/ 22OH) 72 () ar = 2T ().
J
It follows that we can omit the 2 terms bracketing the maximum term in our lower bound

in Lemma 5.4, while incurring at most a constant factor. Let us make this more precise.
Choose an integer r such that h (t) € (r,r + 1]. If h(t) > n, redefine r = n. We have from

the above
r 1 r 1 r+1
G(sﬂf)d > = G(s,t)d - / G(s,t)d )
/7~—1e 8_2/1«—16 zs—l—%2 ’ e S

Then as in Lemma 5.4,

s2eon 5 [543 [
j=0 j=1  j=r+1

r—1 T
> / eCls t)ds+1/ Gt s
0 2 r—1
1 r—+1 n+1
+— eCls t)ds+/ %D s
2b2 T r—+1
> L[ ceng,
- 20 ),

Iterating this, yields as in the proof of Lemma 5.4,

A, (z) > (%)2% (z).

This and Lemma 5.10, give the lower bound corresponding to (5.49). 0]
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Proof of Theorem 2.3. We split

1

(5.50) /O 1 I, (x)dz = [ /Oexp(—mn) N /:(Ub)+ /1 lcn/bn] I, (z) dx.

ne

The restrictions on (g,,) and () are as in Lemma 5.9. Here from Lemma 5.9,

1 exp(—72-)
(5.51) /1 I, (x)dx + /0 I, (z)dz =0 (v/n).

_Cn/bn

Next, from Lemmas 5.10, 5.11, for the range = € [exp (—%) 1= Cn/b"]

2 (z) ~ 22 @) _ (log[log[ ™)~

" K, (z,z)° llog x|
Hence
[
I, (z)dx
exp(~ 72,
-5 1 d
_\—1/2 dx
~ / (log|logx| 1) ]
exp(—n;n Og[L’l
1—exp(— L ) 1 d
nen 1N — /2 t
= (log|log(1 — 1) 1) _—
/. oz (1 1)
L (140(1)) gt
~ logt~1) /2 &
I (1og )™

pn

nlog b—log (n
= / s2ds
1

0g 71— (1+0(1))
~ /n,

by our hypotheses (5.43), provided {e,} decreases sufficiently slowly to 0. This and (5.50),
(5.51) give the result. O

5.5. Proofs for Theorem 2.4 and Corollary 2.5.

Proof of Theorem 2.4. We first make a crude estimate on the expected number of zeros near
the origin, using the same idea as in the proof of Lemma 5.1. Since K, (z,z) > 1, we obtain
from (2.1)-(2.2) that

n n
E ANxPe—2 < E AL
k=1 k=1

Hence, for any ¢ € (0, 1), we have by (2.13) that

1 c 1 n n n
E[N,([0,])] = —/ In(w)de < — % M < C Y HshR =) pleodl?,
0 k=1 k=1 k=1
25

™



The latter sums are uniformly bounded for all n € N if alogc < —2. Thus we can choose
a sufficiently small s € (0,1) so that E[N,([0, s])] is uniformly bounded for all n € N. To
estimate E[N,([s, 1])], we write the Kac-Rice formula (2.1)-(2.2) in the following equivalent

form:
(G R R

/ / 2\ 1/2
() -
viai) e (05 (26 +2)

<C < / 1 Z:Egd:ﬂ> v ( / 1 (Z:Eg + i) dm) 1/2 (by Cauchy-Schwarz)

N ) I\ 1/2 n
) (logu;(x)‘ —I—log:v’ ) < Cy/logn logZ)\k.
S S k=1

—C (log ()

S

O

Proof of Corollary 2.5. 1f we rearrange terms in the random polynomial (1.1), then we obtain
a random polynomial with the same distribution function and the same expected number
of real zeros because the random coefficients {c;}52,, are i.i.d. Hence, we can assume that
the exponents {A;}72; C N form an increasing sequence, so that (2.13) is satisfied. Since
> or_y Ak = O(nPth), we immediately obtain an estimate of the form E[N, ([0, 1])] = O(logn)
from Theorem 2.4.

The next step is to estimate E[V,([1,00))]. Recalling that A\, = maxj<x<, A\x, we define
a new polynomial Q, () := 2* P,(1/x), so that the roots of P, on [1,00) are reciprocals
of the roots of @, on (0,1]. Thus, we reduce the estimate on E[N,([1,00))] for P, to the
corresponding estimate on E[N,, ([0, 1])] for @,. Note that @, is a random polynomial with
i.i.d. Gaussian coefficients and exponents A\, —\g, k =1,2,...,n. It is clear that ), (A, —
M) = O(nP™), so that E[N,([1,00))] = O(logn) follows by applying Theorem 2.4 to Q,
(after rearranging terms).

Finally, we use the change of variable x — —z, and observe that the roots of P, in (—o0, 0]
are symmetric about the origin to the roots of Q,(z) = P,(—z) = Y_;_,(—=1)*caz™ in
[0,00). Since the random variables (—1)*¢;, are also i.i.d. Gaussian, we conclude from the
first part of this proof that E[N,,((—o0,0])] = O(logn) too. O

5.6. Proof of Theorem 2.6. We first prove:

Lemma 5.12. Let B> e and 0 < p < 1. Assume that

log B

(5.52) =

— [log p| .
=9 g



Then for x € [0, p],

1 2min {na?, K, (z1/2,2'/?%)}
5.53 I, (z)* < — { B? i ! .
(5.53) (2] = 212 { N K, (z,x)

Proof. We split the sum in A, (z) into two terms:

A, (z) = oo+ > 2?9 (N — Ag)?

]vkl)‘Ji)‘k|§B ]»k‘|AJ7)‘k|>B

= (Z1+%).

First,
S <BY Y 2™ < BPK, (z,2)”.
Jk:| A=A |<B
Next for a term in Y5, we have
|A; — A\x| > B.
Suppose for example A\; > ;. Then
)\j >N\, +B>B.

Note too that lngt is decreasing for ¢ > e, so our hypotheses give

logh; 1
log p + Oi 1 < Elogp for \; > B.
J
Then for \; > B, and z € [0, ],
$2ij2Ak ()\] o )\k)Q
< xQ,\jxnk)\?
2\ g A
= a7 exp | 2)\; {logx + .
Y
log B
< Pk exp 2)\; {logas+ 08 })

VA
S
[N}
>
x>
0]
>
ko]
/\/?/‘\/‘\
>~
—N
O
0]
S
_|_
|
o
o
=
H/_/
~_

< zPkexp 2); {— logx}) S
So
Yo = Z 22N g2 (N = \p)?
< Z 2PN | Z 22N
j,k:/\j>>\k+B j,k):)\k>)\j+B
< 2K, (x,z)min {an, K, (x1/2, xl/Q)} )
Hence

A, (z) < {Ban (x, x)Q + 2K, (z,x) min {n:cB, K, (331/2, xl/Q)}} ,
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and then (5.53) follows from (5.2) and (2.1).
Proof of Theorem 2.6. (a) We choose

B = Alogn
for some large enough A : we need A so large that

log(Alogm) Lyyoo sl forn > 2
Alogn

Then Lemma 5.12 gives for = € [0, p],
1 1
I, (z) < 27 {(Alogn)2 +2nptlEn} < = (Alogn)?,

if A is large enough.
(b) Let us consider t € [%, 00). Write t = 71, where 0 < z < p. We have

1 e G
L(t) = I (z7") = \/2Kn (:z:—(l,f)l)’

A=max{);:1<j<n};
/\;‘-:A—)\j forall 0 <7 <n.
Note that 0 is amongst the new exponents. Then

A, (7)) =a" { Z 2?5 (N — )\2)2} =2 A7 (2),

7,k=0

by Lemma 5.2. Let

where A corresponds to the exponents {X;} Similarly,
n
K, (27, x’1)2 =20 Z e = 7K (1, x),
=0

where K corresponds to the exponents {)\j} So

—1)2 Ay (x "
_[n (ZL‘ 1) :$2W:i)x)221'4]n($)2.

where I (x) corresponds to the exponents {)\;‘} As above, if z € (0, p|,
w2 1 2
I3 () < =5 (Alogn)
This yields
1
L ()" < 2 (Alogn)®,
if t € [%, 00).
(c) Using (2.1), we obtain that

(1,1) n 2,2\, —2 2 n 2\ 2
Kp/(w,x) Y g A MaXychan A Doy TF _ MAX1<hen Ap

L(z)?* < =
nle)” < K, (z,x) Yopoo X T x? Y opeo TP T x?
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We present one last elementary tail estimate:
Lemma 5.13. Let R > 1. Then
00 n n—1
/ I, (z)dx < (Z R%*n) <Z RAMn> .
R §=0 k=0
Proof. Since K, (z,1) > 2%,

]2 Zl, Nj+A—22n—1) ()\ _>\k> )
jk 0

Using the inequality va + b < v/a + \/_ for a,b > 0, gives

Z Aj+ i — 2)\n—1’)\ _)\k|

I, (z) < \/_

Hence

> Z Aj = An) + (An = M)
I < N+ Ap— 2,\n|(
/ n(@)dr < R A= A+ A — g

R J.k=0,j#k
n—1
< Z R)\ +Ax—2An < (Z R)x )\n> <Z R)xk—kn> )
7,k=0,77#k k=0

6. PROOFS FOR SECTION 3

Proof of Theorem 3.4. Since the random coefficients {c;}52, are i.i.d., if we rearrange terms
in the random polynomial (1.1), then we obtain a random polynomial with the same distribu-
tion function and the same expected number of real zeros. Hence, we can always assume that
the exponents {\;}}_, form an increasing sequence. Note that each s, := Zf:o ci, ke N,is
a continuous random variable as all {c;}7°, are continuous, so that P(s; = 0) =0, k € N.
Thus, we can estimate E[N,,((0, 1])] by combining Corollary 3.2 and Theorem 3.3:

k201 kN,
6.1 E[N,((0,1))] < $ 222 - 9k,
Making the change of variable z — —z, we observe that the roots of P, in [—1,0) are sym-
metric about the origin to the roots of Q,(z) = P,(—z) = > 1_,(—=1)**cz** in (0,1]. Since
the random variables (—1)*¢;, are also i.i.d., and have the same symmetric and continuous

distribution function as ¢, estimate (6.1) also holds for @,,, which gives that

E[N,([~1,0))] = E[N.((0,1])] < Z k}ii?(}f%&z—’c.

Using another change of variable z — 1/x, we con81der the random polynomials R, (z) =

2 P, (1/x) = >, cra™ M, whose roots in (0,1] and [—1,0) match the roots of P, in

[1,00) and (—oo, —1] respectively. It is clear that the associated sums of coefficients for R,

are S, 1= Zf:o Cn—i, kK = 0,...,n, and that the distribution function of 5, is the same
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as that of sy, for all £ = 0,...,n. Hence the same argument leading to (6.1) applies to R,
and we obtain the same upper bounds for the expected number of zeros of P, in [1,00) and
(—o0, —1]. We summarize all estimates as follows

(6.2)  E[N,(R)] = E[N,((—00, —1))] + E[Ny([—1,0))] + E[N,((0,1])] + E[N,((1, 00))]
[k/2]+1( k L
<4Z kE+1 (k/Z])2 ’

where we also used that P(P,(x) = 0) = P(c¢y = 0) = 0 since ¢, has continuous distribution.
To estimate the binomial coefficients in (6.2), we use the approximation of n! by Stirling’s
asymptotic series. In particular, Robbins [26] provides the following estimates

1 1
n"exp( —n)x/ n<nl<n” exp(——n)\/Q mn, n &€ N.

12n +1 12

Applying these estimates in (6.2), we obtain the upper bound 4+/n stated in (3.3). O

For the case of arbitrary positive real exponents {\}72,, we approximate them with ra-
tional numbers that have the same denominator, and carry over the bounds for the expected
number of real zeros from the polynomial case.

Lemma 6.1. For any sequence of real positive numbers {)\k}’,gzo, let 1,(j) = mi(j)/N(j) be
rational numbers such that im; o ri(j) = M\, k = 1,...,n. If {ex}7_y are ii.d. random
variables with an absolutely continuous distribution, then

N, (i e, [0, 1])] <limsup E [N, (ick:vm’“(j), [0, 1])] , neN.

k=0 oo k=0

6.3) E

Proof. We first note that the function f(x) = 2!V is a bijection of [0, 1] that gives one-to-
one correspondence between zeros of i, cxz™W and S°p_, cxz™ ) on [0,1]. Hence

N, (Z Ckl’mk(j)7 [0’ 1]) N, (Z Ck$rk(j), [0’ 1])]
k=0 k=0

for all j € N, as we count zeros without multiplicities. The expectations in (6.3) and (6.4)
can be expressed via the following version of Kac-Rice formula found by Zaporozhets [31,
Theorem 1] (see also Theorem 2.1 of [11], and let k = 1 there). We note that the formula
below was stated in [31] and [11] for regular polynomials, but it is also valid for Miintz
polynomials by the same proof. Let p(z) be the common probability density function for the
i.i.d. random variables {c;}}_,. Then we have

, (Z o b]>]
L)
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(6.4)

(6.5) E

dey ... dc, dx.

n
E /\kckﬂi)\kil
k=1




Clearly, analogous formula holds with r(j) instead of Ax:

o)

(/,/n (‘Z;@¢ )IIka §:rk "

If p(x) is continuous, then the integrand in (6.6) continuously depends on the exponents
r(j), k = 1,...,n. Hence the integrand of (6.6) converges to that of (6.5) pointwise as
J — o0, and (6.3) follows from Fatou’s Theorem combined with (6.4). If p(z) is an arbitrary
density, then we can change it on a set of arbitrarily small measure to make continuous
by Lusin’s Theorem. This implies convergence of the integrand of (6.6) to that of (6.5) in
measure as j — 0o. Thus, we can extract a subsequence j,,, for which this convergence takes
place almost everywhere, and Fatou’s Theorem applies to this subsequence as before, giving
(6.3) in view of (6.4). O

(6.6)

YWde ... de, d.

We are ready to deduce Theorem 3.5 from Theorem 3.4.

Proof of Theorem 8.5. If {\;};~, are arbitrary distinct positive real numbers, we can ap-
proximate them by rational numbers rj(j) = my(j)/N(j) such that lim; . rx(j) = A\, k =
1,...,n. Applying Lemma 6.1 and Theorem 3.4, we obtain that (3.2) holds for these general
exponents { A, }r- ;.

As in the proof of Theorem 3.4, we assume that the exponents {\g}7_; form an increasing
sequence, and make the change of variable x — 1/x. This gives the random polynomials
R, (x) = 2™ P,(1/z) = Y} _, cpa™ 2, whose roots in (0, 1] correspond to the roots of P, in
[1,00). Applying (3.2) to R,,, we obtain the matching estimate for zeros of P, in [1,00), so
that

k/2] 41/ k \._,
E[N,,([0, 50)] = E[N,((0,1])] + E[No( ] <2 9k,
[, ([0,50)] = ELN (0. 1])] + Ef Z 2 ()
We used above that P(P,(z) =0) =P(cg =0) =0 as ¢ has absolutely continuous distribu-
tion. U

Proof of Theorem 3.6. We first consider the case {\;}}_; C N, and use some ideas from
the proof of Theorem 3.4. If the random variables {c}, are degenerate, i.e., equal to a
constant C' with probability one, then the random polynomials (1.1) take the form

n
=C E ™,
k=0

It is obvious that such polynomials have no positive roots. Assuming now that the random
coefficients are non-degenerate, we recall that the probability of s, = Y . ¢; to vanish for
any given n € N does not exceed C/y/n for a constant C; > 0 that depends only on the
distribution of ¢;, see Theorem 1(d) of [27]. It follows from Descartes’ rule of signs that
N, ((0,00)) < n for any polynomial of the form (1.1). Thus, conditioning on the event
{sn, = 0}, we obtain that

(6.7) E[N((0, Oo))‘{iﬁ = 0}] < C1v/n.



Next, we condition on the event {s, # 0}, in which case we can use Corollary 3.2 and
estimate N, ((0,1]) by V(so,...,sn). Theorem 2 of [28] states that the probability of a sign
change in the sequence s, = Z?:o ¢, k € N, at the k-th step, is of the order k~/2, namely
P(s_15: < 0) = O(k~%/?). This immediately implies that

(6.8) E[No((0, 1)) {50 # 0}] S E[V(s0,- .. 50) [ {52 # 0] < Co Y kY2 < Cy/m

for some positive constants Cy and Cj. Applying the standard change of variable z — 1/x,
we argue as in the proof of Theorem 3.4 to deduce from (6.8) that

E[N,((0,00))[{sn # 0}] = O(V/n).
This bound, combined with (6.7) and the possiblity of one zero at the origin, gives (3.5).

If {\¢},o, are arbitrary distinct positive real numbers, we repeat the argument already
used in the proof of Theorem 3.5, approximating general \; by rational numbers, and using
Lemma 6.1 together with already proved estimate (3.5) for natural exponents. The change
of variable x — 1/x provides the estimate for E[N,((1,00))] as before. O

7. PROOFS FOR SECTION 4

Proof of Theorem 4.1. By the Strong Law of Large Numbers [13, p. 295], we have that
lim 2° = Elc] #0 as.

n—oo N

Suppose first that {A\;}7_; C N. As before, we assume without loss of generality that
the exponents are arranged in the increasing order. If the limsup in (4.1) is infinite with
positive probability, then Corollary 3.2 immediately implies that the number of sign changes
in the sequence s, = >, _ ¢ tends to co as n — co with positive probability. This directly
contradicts the above Law of Large Numbers, as s,, must follow the sign of E[c] for sufficiently
large values of n with probability one. Hence, (4.1) holds for the case of natural exponents.
To prove that it holds for arbitrary distinct positive real exponents, one needs to apply the
same approximation argument as in the proof of Theorem 3.5, and use Lemma 6.1. U

Proof of Theorem 4.2. Letting Xy := ¢ — E[cx], we obtain from Theorem 12 of [24, p. 272]

that . . .
Zk::O Ck — Zk:OE[Ck] _ Zk::O X 0 as.
a, ay,

Suppose that E[c;] > € and a,, < Cn for all n > N. Then we have that
lim inf S lim inf (ZZ_O ¢k — ko Blcr] + > k=0 E[%])

n—=00 Ay, n—00 A, (07
..o.n+1
> lim inf e>¢e/C as.
n—oo a’TL

We now follow the proof of Theorem 4.1 to complete the argument. First, we assume that
{\e}r—; € N. If the limsup in (4.1) is infinite with positive probability, then Corollary 3.2
implies that the number of sign changes in the sequence s, tends to co as n — oo with
positive probability. This contradicts the above liminf estimate, so that (4.1) holds true.
Transition to arbitrary real exponents is done again by approximation, as in the proof of

Theorem 3.5.
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The case E[c;] < —¢ is handled similarly:

D ke Ck = Do Elck] n > ko E[Ck])

. Sn .
lim sup — = lim sup (

: n+1
< —¢limsup < —¢/C as.
n—oo a"ﬂ/
The rest of the proof repeats its first part. O
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